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Abstract 

We investigate consistency relations for non-Gaussianity. We provide a model-independent dy- 
namical proof for the consistency relation of 3-point correlation functions from the Hamiltonian 
and field redefinition. This relation can be applied to single field inflation, multi-field inflation and 
the curvaton scenario. This relation can also be generalized to n-point correlation functions up to 
arbitrary order in perturbation theory and with arbitrary number of loops. 
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I. INTRODUCTION 

The CMB non-Gaussianity [1] has been extensively investigated in the recent years. The 
3-point correlation of the curvature perturbation for a large variety of inflation models has 

B, 3 ^-inflation (4], 



been calcu 
inflation 



ated, including the standard single field inflation [2j, [3|, K- inflation [4J], DBI 



6j, multi-field inflation on scenario [lCj and the ekpyrotic 

scenario ll|. The 4-point correlation has been calculated in 

HQ. 

Maldacena found that there is a consistency relation for the 3-point correlation function 
of single field inflation [2]. The consistency relation states that in the limit that one of the 
three momenta goes to zero, the 3-point correlation function should be proportional to the 
spectral index times the square of the power spectrum. This consistency relation has been 
discussed in more detail in [14j . The generalization of this relation to the 4-point correlation 



is discussed in 



The consistency relation is derived in two ways in the literature. One is the original 
back-reaction argument by Maldacena, another is to check the relation in explicit models. 
In this paper, we shall derive the consistency relation from the Hamiltonian. The proof is 
model independent, and follows from dynamics. The proof also applies for a general n-point 
correlation function up to arbitrary order in perturbation theory and arbitrary number of 
loops. We shall also derive a consistency relation from a local field redefinition. 

The consistency relation we derive can be used not only in single field inflation, but 
also in multi-field inflation as well as in the curvaton scenario. The consistency relation in 
multi-field models is also discussed in [16] . 

The paper is organized as follows. In Section II, we discuss the consistency relation for 
3-point correlation functions. We first setup the basic notations and equations. Then we 
derive the consistency relation from the action and local field redefinition. After that, we 
apply our relation to single field inflation, multi-field inflation, and the curvaton scenario. 
In Section III, we generalize the derivation of the consistency relation to n-point correlation 
functions. We conclude in Section IV. 
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II. CONSISTENCY RELATION FOR THE 3-POINT FUNCTION 



A. The Basic Setup 

We use 4> a to collectively denote fields, derivative of the fields, and the conjugate momenta. 
We assume the fields are real. A complex field can be decomposed into a doublet of real 
fields without losing generality. These fields can be expanded around the homogeneous 
background, 

0a(x,t) = 4> a (t) + 50 a (x,t) , O = 1, 2, . . . , U . (1) 

The Hamiltonian can be perturbatively expanded as 

oo 1 / n \ ^ oo 

H[(f>(x,t)\ = £ty o (x,f)0« H[$(t)] = J^^x,*),*] » (2) 

N=0 ' \a=l J N=0 

where d a denotes s ^ 5 ^ , which is performed on the Hamiltonian. The quantity <50 a (x, t) is 
canonically quantized according to the second order Hamiltonian H 2 [5(J)(x,t),t}. Terms H N 
(N > 3) are treated as interactions, 

oo 

# int [50( x ,t),t] = j2 H Nm^,t),t} . (3) 

N=3 

An expectation value can be calculated using 

00 rt rtN rt'2 

(Q(t)) = J2 iN dtN dtN -i • • ■ / dtl 

N—Q J —oo J —oo J —oo 

x ([H-^ih), [H hlt (t 2 ),---[H int (t N ),Q I (t)}---}}) , (4) 

where Q(t) is some product of the field operators 5(f) a , and Q 7 (t) is Q(t) in the interaction 
picture. The iV = term in the RHS should be understood to be just (Q / (t)). We shall 
omit the superscript / in the following sections for simplicity. 

In the following discussion, we will drop the disconnected part of the correlation functions. 
All correlation functions automatically denote the connected part. 

B. Consistency Relation from the Hamiltonian 

The 3-point correlation function can be calculated using 

(<J0 o (k 1 ,t)^(k 2 ,t)^c(k 8 ,*)) = -i T ^([^(ki,*)^^,*)^^,*),^^)]) • (5) 

J — oo 
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In this paper, we normalize the fields in a box, and use the convention 

6<p a (x,t) = 4=y>°( k '*)e ik - x • (6) 



k 

Here V is the space volume. More details about our convention can be found in the appendix. 

The Fourier modes of the field can be written in terms of the creation and annihilation 
operators as 

<ty a (M) = 50i cl) (k,t)a k + 50i cl )*(-k,t)aL k , (7) 

where Scj)^ (k, t) is a c-number function and satisfies the classical equation of motion. 

We use ki to denote |k$|. Consider the limit k\ <C min(/c2, &3, aH), (we shall refer to this 
limit as k\ —>■ limit for simplicity). In the correlation function, 50 a (ki,i) can be either 
to the left or to the right of the Hamiltonian H, corresponding to the term (5<p 3 H) and 
(H5(p 3 ) respectively. In the (5(p 3 H) case, keeping in mind that the annihilation operator in 
50 a (ki,t) must be contracted with one of the 5<pd in H3, we have 




d (x,t)d^\ (H$ + 6<f>)-H$))=H 2 $ + '6$)-HS) ■ (8) 
d ) 

where "— indicates that we have made the contraction with <50 a (ki,t), and have taken the 
k\ — > limit. After doing the contraction, the field is replaced by its classical part, and this 
replacement also applies for 5<p a (ki,t). 5(a,e) is defined as, 5(a, e) = 1 if 5(f> a and 5(p e are 
the same fundamental field, or the derivative or the conjugate momentum of it, otherwise, 
S(a,e) = 0. And 5<p e = 5(a,e)V~ l f v 5(f)e (x-,t)dV. At last, we have neglected the high 
order terms of S(f) e , because we are considering in this section the leading order perturbation. 
In the next section, we shall show that the consistency relation is respected order by order 
in the perturbation theory. 

With the help of Eq. (JHD, the term (^H) can be written as 

(<ty a (k!, t)5<p b (k 2 , t)50 c (k 3 , t)HS)) ^ ^i d) (ki, t) (5<p b (k 2 , t)5<p c (k 3 , t) (H 2 {4>) - HS - 50)) ) 

(9) 

The other term (HScj) 3 ) can be written similarly. One difference is that the terms 8(j)a (ki, t) 
and the corresponding terms in the Hamiltonian should be replaced by their complex conju- 
gates. However, when k\ aH, this difference can be neglected. It is because after horizon 



crossing, the perturbations become classical, and the mode functions can be made real 
by a time-independent phase rotation So we have 5(a, e)5</>i cl ^(ki, r)54>^ l \— ki, r')* = 
5(a, e)50o d ^(— ki, r)*^^ 01 ^^, r'). 3| This condition can also be checked explicitly in infla- 
tion models with either standard or generalize kinetic terms. 

Note that the condition k\ <C aH is essential in proving the consistency relation. If this 
condition is not satisfied, we can check explicitly that the consistency relation is not satisfied 
even in the simplest single field inflation model with standard kinetic terms. 

Note that the fields in the interaction picture evolves according to the free Hamiltonian 
H 2 ((j)), not Hz{4> + 5$). The difference between these two should also be treated as the 
interaction Hamiltonian. So in the k\ — > limit we have 



a (k 1 ,t)50 6 (k 2 ,t)^ c (k 3 ,t)) 
= - i5^ l \k l ,t) I dt' ( [<ty b (k 2 , t)50 c (k 3 , t), [HS + J4>)- H 2 {4>))] ) 
=50i cl )(k 1 ,t)(( ( 50 b (k 2 ,t)50 c (k 3 ,t))_-(^(k 2 ,t)^ c (k 3 ,t))_ ) , (10) 

where in the last line, one should note that for the 2-point correlation function, the N = 
term in Eq. is also present. This equation can be rewritten as 

(<ty (ki,t)<ty 6 (k 2 ,*)<ty^ . (11) 

e 

The classical field and the quantum expectation can be related as 

f>Qti,m e = ^(k.t^t) = 5 -^(5u^t)m^t)) ■ (12) 



So Eq. ffTTj) can be recast as 

(50 a (k 1 ,t)^(k 2 ,t)^ c (k 3 ,t)) ^ 

E ^W(k 1; t)*fl(ki, t)) (d P {6<j> b (k 2 , t)8<j> c (k 3 , t)) . (13) 
v d5<f) v e (ki,t) 

One should note that in the above proof, we have used the condition that 5<f) a is a 
perturbation of the background field <p a . There are usually two such variables, (, as the 
perturbation of the logarithm of the scale factor in the uniform density slice, and Q a , as the 
perturbation of the inflaton fields in the flat slice. The resulting Eq. ( JTBl can not be directly 
used to composite perturbation variables beyond this condition. The consistency relation for 
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induced variables can be derived from a field redefinition, discussed in the next subsection. 
For single field inflation, the consistency relation for ( and the consistency relation for Q 
can also be related by such a field redefinition (see Appendix B). 



C. Consistency Relation from Local Field Redefinition 

Sometimes, the field we use in the Hamiltonian and the field we use in the correlation 
function are up to a local non-linear redefinition of the fields. In this case, we need to 
consider the contribution to the consistency relation from the field redefinition. Sometimes, 
the non-Gaussianity is dominated by this redefinition, such as in the curvaton scenario. In 
this subsection, we shall derive the consistency relation from the field redefinition. 

Firstly, let us consider the ansatz of local non-Gaussianity. This case can be directly 
generalized to a more general local field redefinition. In the local ansatz, the field redefinition 
takes the form 

C(x,t)=C 9 (x,t) + ^ NL C,(x,t) 2 , (14) 

where Q(pc,t) is the Gaussian part of £(x, t). In the Fourier space, Eq. ffT4l becomes 

3 1 . 

Ck = C<?k + ^fahy C<yk'C 9 k-k' • (15) 

In the k\ — > limit, the 3-point function takes the form 

k o 3 1 

(CkiCk 2 Ck 3 ) — ► T /nLT7 ^(CgkiCgk'Cgka-k'Cgka) + ( k 2 k 3 ) 

k' 

12 1 

= y/NL^CgkxCgkiKCskaCgO , (16) 

where in the first line, we have used Eq. (fi~5l) to convert Ck 2 m t° Cg f° r t ne nrs t term, and 
Ck 3 into C g for the (k2 k 3 ) term. The above two terms are proportional to k^ 3 k^ 3 and 
k^k^ 3 respectively. We have neglected the term which inserts Eq. (1T51) for £ kl , because 
this term is proportional to k^ 3 k^ 3 , which can be neglected in the kx — > limit. 

On the other hand, keeping in mind that a Gaussian random mode of the field is not 
affected by other modes, the derivative of Ck 2 Ck 3 takes the form 

-T^-(Ck 2 Ck 3 ) ^ 5/ NL T7 ^2 j7^(C<?k'C 9 k 2 -k'Cgk 3 ) + (k 2 <^> k 3 ) 
'ki jj.; ^gki 

12 1 

= yiNL^Cgk 2 C 9 k 3 , (17) 
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where the derivative is taken directly on the operators. So we have 

(CkA.CO ^ ^(Ck.OJ (^(Ck 2 Ck 3 )^> ■ (18) 

Generally, when the field before the field redefinition is also non-Gaussian, one can com- 
bine the result in the pervious subsection and this subsection to obtain the full consistency 
relation. To be explicit, if S(p is the quantity in the Hamiltonian, and 5(f) is the quantity we 
want to calculate in the correlation function, related by 

£0a( x > *) = 9abS(j)b(x, t) + Y fabcfifafc t)5(j) c (x., t) , (19) 
b be 

then we have 

(ty ft (k lf t)^(k 2 , t)50 c (k 3 , t)) ^ ^^(ki, 

e 

X {^ g ^ 3^ (kl , i) W / (k2 ' i) ^ (k3 ' i)> + (^(k 2 ,i)*(k3,i)))} ■ 

(20) 

Note that in the second line of Eq. ( !20l) . the derivative in the first term corresponds to a 
variation in the Hamiltonian. While in the second term, the derivative acts as an operator 
derivative directly on the field operators 50 b (k 2 , t)50 c (k 3 , t). Loosely speaking, we can com- 
bine these two derivatives to write this formula in a more compact form. However, as the 
meaning of the two derivatives are not the same, we shall take this more explicit form as 
our final result of this subsection. 



D. Application to Single Field Inflation 

In this subsection, we shall write the consistency relation (1131) in an explicit form in the 
context of single field inflation. We shall derive a different expression for the consistency 
relation from Maldacena's relation. The new consistency relation is expressed in terms of 
the scalar field perturbation in the flat slice, and it is more convenient to be generalized to 
the multi-field case. The derivation for Maldacena's consistency relation [2j is given in the 
appendix. The Maldacena's relation can also be derived from our consistency relation and 
a field redefinition as discussed in the previous subsection (see Appendix B). 
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In the flat slice, the inflaton field can be written as 



<p(x,t) = <p(t) + Q(x,t) , (21) 

where Q can be made gauge invariant in a general slice, known as the Mukhanov- Sasaki 
variable 

In this case, Eq. ( fTBl takes the form 

(g ki gk 2 Q k3 ) ^ ^(Q^QV-^iQ^M • (22) 

This relation is different from Maldacena's consistency relation, because the transformation 
from Q to ( is nonlinear, and the shapes of Q and £'s 3-point correlation functions are 
different. 

Eq. (122!) can be checked explicitly. For example, in the single field inflation model with 
standard kinetic term, the 3-point function in the k — > limit takes the form 

(Q^QkuQkz) — ► —y -^(QkiQtJiQkzQks) ■ (23) 

On the other hand, the 2-point function takes the form 

(Qk 3 Qk 3 > = ^^^ 2 ,-k 3 • (24) 

And from H = — \ ( p 2 , the derivative can be written as [2 

— = — = - VL . (25) 
dQ dip 2^dH 1 ; 

Combining (J23l) . ( J24l) and ( !25l) . we obtain the desired relation ( l22l) . 

As a more nontrivial test, let us consider the case of generalized kinetic term. We use 
the result 6j for the 3-point function. To use this result, we need first to know how £ 
corresponds to Q beyond the first order perturbation theory. The correspondence between £ 
and Q follows directly from the gauge transformations, so it is not changed after the kinetic 
term is generalized. Maldacena's correspondence between ( and Q still holds, 

C = Cn + ^ {^jj-r - Cn + derivatives , ( n = , (26) 

where the derivatives can be neglected outside the horizon. 

We would like to make two remarks at this point. Firstly, In Maldacena's paper 
equation of motion has been used for the H term, so the relation in Maldacena's paper only 
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applies for the standard kinetic term. Here, we do not use any equations of motion in Eq. 
fl26|) . All the terms follow directly from the gauge transformation. So Eq. fl26l) holds very 
generally. Secondly the notation ( n is also used in Q]. However, the ( n in jjis a different 
notation, having nothing to do with the relation between ( and Q. 

In the context of generalized kinetic term, using the equation 2H = —ip 2 Px, Eq. (125]) 
can be written as 

^ + iC^) c -' ,s i- (27) 



With the above equation in mind, the 3-point correlation function in |6| takes the form 

(0*0*0*) ^ -~ ( K 2e + s + WF^j (Q*Q*)(Q*Q*) , ( 2 §) 

where s = c s /(Hc s ). 

On the other hand, the 2-point correlation function is 

V H 2 

(Q*Q*) = 2fc 3 C Py ^ k2 '~ k3 ' ^ 

Keeping in mind that = <j>~ l dt, we can check that the consistency relation Eq. (1221) is 
respected. 



E. Application to Multi-Field Inflation 

The consistency relation in the above subsection can be straightforwardly generalized to 
the multi-field case. In this case, the relation takes the form 

(Q*Q J *Q*) ^ ^(QkQ&^iQLQg) ■ (so) 

where index I in the RHS is not summed. We write 8/ dip 1 to denote that the derivative is 
taken while other ip J (J ^ I) are fixed. 

To check this relation in the multi-field inflation models with standard kinetic terms (so 
the field space metric is also flat), we note that the 3-point correlation function in the k — > 
limit becomes 

(QLQiQ*) - -^(QLQ&iQiQ*) ■ (3i) 
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The 2-point correlation function takes the form 



(Qi 2 Qk 3 ) = v ^i s ^s JK ■ (32) 



From dH = — | Yli ft 1 dtp 1 , we have 

d dH d 



(33) 



dtp 1 dip 1 dH 

Combining (I3~lj) . (1321 and (13"3"j) . we find that the relation (1311 is indeed satisfied. 

In the case with generalized kinetic term, the 1/c^ order result is available. In this order, 
our consistency relation is satisfied trivially. We hope the above consistency relation can be 
checked in some future work for a general sound speed. 

In multi-field models, ( is usually not conserved. To relate the quantities at horizon 
exit with observations, the transfer function method is usually used. We take double field 
inflation as an example [181 ] . 

In double field inflation, the inflaton fields can be decomposed into the inflaton direction 
a and the perpendicular direction s. The perturbation Q 1 can be defined as the perturbation 
parallel to the inflation direction (Q a ), and perpendicular to the inflation direction (Q s ). 
These two fields can be further related to the comoving curvature perturbation 1Z and the 
entropy perturbation S as [21] 

H=S9z., S=S?1. (34) 
a o 

As shown in the entropy perturbation is sourceless, and the comoving curvature per- 
turbation is conserved if there is no entropy perturbation. So the comoving curvature per- 
turbation in the late times can be written as 

H H 

11 = 11* + T ns S* + 511 = A a Q a * + A S Q S * + 51Z , A a = — , A s = T^ 5 — , (35) 

a a 

where T-rs can be (at least in principle) determined by experiments. The term 51Z ~ 
0(1Z 2 ) denotes the error in the approximation of taking the first order comoving curvature 
perturbation as conserved, as well as using the linear transfer function beyond the linear 
perturbation theory. Here the situation is similar to (but more difficult to handel than) the 
difference between ( and ( n in the single field case. To the best of our knowledge, this 51Z 
correction is not noticed in the literature. We shall leave this correction uncalculated in this 
paper. 
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The 3-point function of TZ takes the form 

{1Z kl 1Z k2 1Z k3 ) = ((A a Q akl + A s Q S ] il ){A cr Q <T ] i2 + A s Q S ] i2 ){A r7 Q (7 ] iz + A s Q sk3 ))* + f{&TZ) > 

(36) 

where the correlation functions of Q are calculated a few e-folds after the horizon crossing, 
and f(S7Z) denotes the 57Z correction. 

The consistency relation can be written as 

(K kl 1Z k2 K k3 ) ^ f(6K) + V-'x (37) 
/ d d\ 

I A a (Qcrkj Q CT ki ) * -q^ As (Qski Q ski ) * J ({.Ao-Qa^ ~\~ A S Q sV.2 ) (AaQakj AsQsk.3))* ■ 

It can be shown with the standard kinetic terms that the 2-point cross correlation between 
the curvature and entropy perturbation just after the horizon crossing is suppressed by one 
more order of slow roll parameters 181 ] ■ In more general cases, it is also usually assumed that 
this correlation can be neglected. And we note that the entropy direction has the property 
s = 0. Considering the above two conditions, Eq. (149!) can be simplified to be 

(K kl K k2 K k3 ) h^ V -i Aa (Q aki Q* ki )^_ (Al(Q ak2 Q ak3 )* + A 2 s (Q sk2 Q sk3 )^+f(5K) . 

(38) 



This relation is also derived in 16]. The above relation can be further simplified in some 
models. When the kinetic term is standard, the Q a power spectrum and the Q s power 
spectrum are equal. When the kinetic term is modified and c 8 < 1, the Q s power spectrum 
can be neglected. The relation can be tested by experiments, on condition that the f(67Z) 
term is calculated. 



F. Application to the Curvaton Model 

In the curvaton model, the leading order non-Gaussianity comes from the field redefini- 
tion. In the flat slice, ( can be expressed as 

3 p a 3 a 4r \ 3 a J 4r y 
where r = (3p CT )/(4p r + 3p CT ), which is calculated when the curvaton decays. So we have 

/nl = 5/(4r). 

The discussion from Eq. (fl4"|) to Eq. (|T8|) can be directly applied to the curvaton scenario. 
The consistency relation f|T8|) is satisfied. 
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III. CONSISTENCY RELATION FOR THE GENERAL n-POINT FUNCTION 



In this section, we generalize the discussion in the pervious section to n-point correlation 
functions (n > 3). The generalization for the leading order (N = 1 in Eq. (J5])) is straightfor- 
ward, so we shall not repeat it here. We consider in this section the general case, including 
N>2. 

To save some writing, we use C(n, N, L) to denote the contribution to the n-point corre- 
lation function with L loops and order iV in Eq. (J4J). We have 

oo oo 

(6<f> ai {k 1 ,t)---6<f> ttn {K,t)) = ^'£C(n,N,L) . (40) 

N=0 L=0 

Note that the number of vertices (N), the number of initial lines (I) and the number of 
loops (L) satisfy I = L + N — 1. C(n,N,L) takes the form 



/t t>t N rt'2 

dt N / dtjv-i • • • / dt x 
L ^ n I ~ OO «/ — oo J — oo 



X 



;[# ftl (ii), [H n2 (t 2 ), ■ ■ ■ [H nN (t N ), 5^(^,1) ■ • -^ 0n (k n ,t)] •••]]), (41) 



where the "PART" in the summation denotes all the partitioning satisfying rii + • ■ • + = 
n + 2(L + N- 1). 

Eq. ([HD can be directly generalized to 

H ni ^i^^ Hni _^ + J0) _ H (ft = AH n ._x , (42) 



Eqs. (J4TJ) and (pj) lead to 



C(n, N, L) kl ^°' contraction > AC(n - 1, N, L) , (43) 



where A acts on the Hamiltonian and satisfies the Leibnitz law. From Eq. (143]) . we obtain 
the consistency relation 

(50 ai (k 1 ,t)---50 an (k 3 ,t))^ 

E ^(^^ *)^:(ki,*)> ^ J- - (SKfat) ■ • -^a„(k 3 ,t)) . (44) 
17 a50e (ki,t) 

This relation is respected order by order and loop by loop in the perturbation theory. The 

consistency relation can also be iteratively used to obtain the limit that several momenta 

goes to zero. 
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Now consider the case that the quantity in the correlation function (denoted by 5(f) is 
up to a local field redefinition compared with the quantity in the Hamiltonian (denoted by 
5(f). Let the field redefinition be 

oo 

Ha = Yl Yl fa.bi...b m S(f> bl $<f>b m , (45) 

m=l b 1 ...b m 

where "*" denotes the usual product in the position space and convolution in the momentum 
space. One can calculate directly the LHS and RHS of Eq. (JHJ), replacing 5<p with 5(f), so 
that 

(Si ai (ki, t) ■ ■ ■ ^ a „(k 3 , t)) ^ Yl ^^(^ (ki, W:(k 1; t)) 

e 

d 



X 



{ X] X f^b2i-b 2 m 2 • • • fa n b nl -b nmn (d) , -((d<t>b 21 * ■ ■ ■ *8(f>b 2m2 )(kl,t) ■ ■ ■) 

m 2 ...m„ 6 2 i...6„ mn ( k l'*J 



+ (a^kl) w « (k2 ' f) -^^ f »>}- (46) 

The meaning of the derivatives is the same as that in Eq. (120]) . 



IV. CONCLUSION 



To conclude, in this paper, we have investigated the consistency relations for non- 
Gaussianity. 

We have proved the consistency relation for n-point correlation functions dynamically 
from the Hamiltonian. The proof is model independent, and valid to all orders of perturba- 
tion theory and loop corrections. We have also derived a consistency relation for local field 
redefinitions. 

As applications, we have applied the consistency relation to single field inflation, multi- 
field inflation, and the curvaton scenario. 

For single field inflation, we have got a relation in terms of the field perturbation Q. This 
relation is different from (but consistent with) Maldacena's relation. Experimentally, this 
relation is not as convenient to use as Maldacena's relation. However, it has two applications: 
Firstly, it provides one more theoretical tool to check the calculation. Secondly, this relation 
can be straightforwardly generalized into multi-field case. The single field 3-point consistency 
relation is checked explicitly at the first non-trivial order of slow roll parameters for models 
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with standard and generalized kinetic terms. We expect that the consistency relation for 
the higher order correlation functions can be checked in the future work. 

For multi-field inflation, we have also derived a consistency relation. The relation is 
checked explicitly both in the standard kinetic term case, and the small c s limit in the 
generalized kinetic term case. Future calculation beyond the small c s limit should also 
satisfy this condition. We also point out that one should notice the f(51Z) correction in the 
calculation. 

For the curvaton scenario, we have shown that the consistency relation is also satisfied, 
following from a field redefinition. 
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Appendix A: Perturbations in a Box 

In this appendix, we list the relations between the usually used 5-function normalization 
and the box normalization used in this paper. The equations in the left column is for the 
box normalization, and the right column corresponds to the 5-function normalization. 



<J0 o (x,t) = -j=^26(f) a (k,t)e 
1 



kx 



d x5(j) a (x : t)e 



ikx 



[flkj O k /] = 5k,k' 



*a(x,t) 



d 3 k 



7 5(j) a (k,t)e 



ikx 



-ik-x 



(2tt) 3 

a (k,t) = J d z x5(i) a (yL,t)e 

(27r) 3 5 3 (k-k') , 
[a k ,aj c ,] = (27r) 3 5 3 (k-k') . 



(47) 



Appendix B: Maldacena's Consistency Relation 

In the single field case, the quantity one usually calculates in a correlation function is the 
curvature perturbation in the uniform density slice. This curvature perturbation ( can be 
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thought of as a local rescaling of the scale factor. When calculating the two point function, 
the derivative with respect to ( can be translated to derivative with respective to a as 

1 d d d 



V7d( c?C kl din a, ' ^ 
The minus sign before d/(dlna*) ("*" denotes the time of horizon crossing) appears because 
the rescaling of the scale factor only affects the horizon crossing time. The local Hubble 
constant is not affected. So a positive Cki corresponds to a earlier horizon crossing time. 
In this context, Eq. (fl3j) becomes 

(C kl C k2 Ck3> ^ -v {Ck ^d^ {CM ■ (49) 

This is the well-known consistency relation for single field inflation. 

This consistency relation can also be derived from Eq. ff22l) and a field redefinition. Up 
to second order, ( and Q are related by Eq. (126|) . Using Eqs. (1201) and ff22l . we have 

(Ck 1 Ck 2 Ck 3 ) — ^ y (~7^) (Ck x Ck 1 )^ (cl);> ( ( 5k 2 Qk3) + y ^j^r - jj^j (Ck 1 Ck 1 )(Ck 2 Ck 3 ) • 

(50) 

Using d/(dQ^*) = d/(d<p) = d/((pdt), we find that the two terms in the RHS of fl5"U|) can 
be combined to obtain the consistency relation ( )49l) . 

Similarly, we can recover the consistency relation for (Ck^^T^)' w here 7^ denotes the 
perturbation of gravitational waves, and s denotes the polarization (s = 1,2). The consis- 
tency relation takes the form Q 

(C kl 7 k 2 2 7g) ^ -7<^Cx>^<7£7fi> • (51) 

To derive the consistency relation for (7kiCk 2 Ck 3 ), one need to know how the universe 
locally look like with the existence of a long wave length gravitational wave. As discussed 
in {2 ] , this effect corresponds to the change k 2 — > k 2 — . So the consistency relation 

becomes 

(T^Ck.Cka) ^ -^(7k 1 1 7kr)6-^P 2 ^(Ck 2 Ck 3 ) • (52) 
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